Strong Disorder Real-Space Renormalization for the Many-Body-Localized
  phase of random Majorana models by Monthus, Cecile
ar
X
iv
:1
71
2.
02
09
2v
2 
 [c
on
d-
ma
t.d
is-
nn
]  
19
 Fe
b 2
01
8
Strong Disorder Real-Space Renormalization
for the Many-Body-Localized phase of random Majorana models
Ce´cile Monthus
Institut de Physique The´orique, Universite´ Paris Saclay, CNRS, CEA, 91191 Gif-sur-Yvette, France
For the Many-Body-Localized phase of random Majorana models, a general Strong Disorder Real-
Space Renormalization procedure known as RSRG-X [D. Pekker, G. Refael, E. Altman, E. Demler
and V. Oganesyan, Phys. Rev. X 4, 011052 (2014)] is described to produce the whole set of excited
states, via the iterative construction of the Local Integrals of Motion (LIOMs). The RG rules
are then explicitly derived for arbitrary quadratic Hamiltonians (free-fermions models) and for the
Kitaev chain with local interactions involving even numbers of consecutive Majorana fermions. The
emphasis is put on the advantages of the Majorana language over the usual quantum spin language
to formulate unified RSRG-X rules.
I. INTRODUCTION
Strong Disorder Renormalization procedures introduced for ground-states of random quantum models by Ma-
Dasgupta-Hu [1, 2] and Daniel Fisher [3–5] (see the review [6] and references therein) are usually formulated in terms
of quantum spins. Although one can indeed argue that the language of quantum spins S = 1/2 or q-bits is the most
natural framework for quantum models or quantum information, another appealing point of view is that it is much
more advantageous to use instead the language of Majorana fermions in order to reveal the true underlying structure
of the model, that could be otherwise somewhat hidden in the spin formulation (see for instance the two recent works
[7, 8] where the Majorana language is instrumental to classify possible phases).
In the present paper, the goal is thus to formulate Strong Disorder Renormalization rules for generic random
Majorana models. Besides the construction of the ground-state mentioned above, the Strong Disorder Renormalization
approach has been recently extended to construct the whole set of excited eigenstates via the RSRG-X procedure
[9–14], or to obtain the effective dynamics via the RSRG-t procedure [15, 16]. These two closely related procedures
[17] actually identify iteratively the Local Integrals of Motion called LIOMs [18–37] that are known to characterize
the Many-Body-Localized phase existing in some isolated random quantum interacting models (see the many recent
reviews [38–46] and references therein).
The paper is organized as follows. In section II, the notations for general random Majorana Models with parity-
interactions are introduced. In section III, the general RSRG-X procedure is described with the simplest example
of the random Kitaev chain. In section IV, the RSRG-X rules are given for arbitrary quadratic Hamiltonians (free-
fermions). In section V, the RSRG-X rules are derived for the random Majorana chain with local interactions involving
only consecutive Majorana operators. The conclusions are summarized in section VI. The Appendix A contains a
short reminder of the dictionary between Majorana fermions, Dirac fermions and quantum spin chains.
II. NOTATIONS FOR RANDOM MAJORANA MODELS WITH PARITY-INTERACTIONS
A. Majorana operators
In the present paper, we wish to study models defined in terms of 2N Majorana operators γj with j = 1, .., 2N
(see Appendix A for the dictionary between Majorana fermions, Dirac fermions and quantum spin chains.). These
Majorana operators are hermitian
γ†j = γj (1)
square to unity
γ2j = 1 (2)
and anti-commute with each other
{γj, γl} ≡ γjγl + γlγj = 0 for j 6= l (3)
So the first advantage of the Majorana formulation over Dirac fermions or quantum spins is clearly the symmetric
role played by the 2N Majorana operators instead of the creation and annihilation operators for the Dirac fermions,
or the three Pauli matrices for quantum spins (see Appendix A). One thus expects that the Majorana language is
more appropriate to formulate unified renormalization rules.
2B. Parity operators
It is convenient to associate to any even number (2k) with k = 1, 2, ..N of Majorana operators labelled by 1 ≤ j1 <
j2 < .. < j2k ≤ 2N the parity operator
P
(2k)
j1,j2,..,j2k
≡ ikγj1γj2γj3γj4 ...γj2k−1γj2k (4)
For k = 1 and k = 2, they represent the usual interactions between two and four Majorana operators respectively
P
(2)
j1,j2
= iγj1γj2
P
(4)
j1,j2,j3,j4
= −γj1γj2γj3γj4 (5)
while for k = N , the only possibility is jq = q leads to the standard total parity of the whole system
P tot ≡ P
(2N)
1,2,..,2N−1,2N = i
Nγ1γ2γ3γ4...γ2N−1γ2N (6)
The parity operators of Eq. 4 are hermitian
(P
(2k)
j1,j2,..,j2k
)† = Pj1,j2,..,j2k (7)
square to unity
(P
(2k)
j1,j2,..,j2k
)2 = 1 (8)
and they commute or anti-commute
P
(2k)
j1,j2,..,j2k
P
(2q)
l1,l2,..,l2q
= (−1)pcPl1,l2,..,l2qPj1,j2,..,j2k (9)
depending on the parity (−1)pc of the number pc of common Majorana operators between the two sets {j1, , , , j2k}
and {l1, , , , l2q}.
C. General Hamiltonian commuting with the total parity
The most general hermitian Hamiltonian commuting with the total parity P tot of Eq. 6 can be expanded into all
the parity operators of Eq. 4
H =
N∑
k=1
H(2k)
H(2k) =
∑
1≤j1<j2<..<j2k−1<j2k≤2N
K
(2k)
j1,j2,..j2k
P
(2k)
j1,j2,..,j2k
(10)
where K
(2k)
j1....j2k
are the real couplings defining the model.
For instance, H(2) corresponds to the most general quadratic Hamiltonian
H(2) =
∑
1≤j1<j2≤2N
K
(2)
j1j2
P
(2)
j1j2
= i
∑
1≤j1<j2≤2N
K
(2)
j1j2
γj1γj2 (11)
while H(4) contains all the possible four-Majorana-interactions
H(4) =
∑
1≤j1<j2<j3<j4≤2N
K
(4)
j1,j2,j3,j4
P
(4)
j1,j2,j3,j4
= −
∑
1≤j1<j2<j3<j4≤2N
K
(4)
j1,j2,j3,j4
γj1γj2γj3γj4 (12)
Before specializing to specific models, it is useful to define first a general RSRG-X procedure for the generic
Hamiltonian of Eq. 10, as described in the following section.
3III. GENERAL RSRG-X PROCEDURE FOR RANDOM MAJORANA MODELS
In this section, we consider the generic Majorana Hamiltonian of Eq. 10 with random coupling constants K
(2k)
j1....j2k
,
and we describe the RSRG-X procedure based on the decimation of the strongest two-Majorana-coupling.
A. Strongest two-Majorana-coupling
Let us choose the biggest two-Majorana-coupling in absolute value |K
(2)
nm| with 1 ≤ n < n ≤ 2N
|K(2)nm| = max
1≤j1<j2≤2N
|K
(2)
j1j2
| (13)
The corresponding elementary two-Majorana Hamiltonian involves only the parity P
(2)
nm
hnm = K
(2)
nmP
(2)
nm = iK
(2)
nmγnγm (14)
so the two eigenvalues labelled by ǫ = ±1
eǫnm = ǫK
(2)
nm (15)
are associated to the two orthogonal projectors
πǫnm =
1 + ǫP
(2)
nm
2
=
1 + iǫγnγm
2
(16)
B. Perturbation theory in the other couplings
The projection of the full Hamiltonian on the two energy branches labelled by ǫ = ±1 (Eqs 15) reads at second-order
perturbation theory in all the other couplings
Heff = H+nm +H
−
nm +O
(
1
K2nm
)
Hǫnm = π
ǫ
nmHπ
ǫ
nm +
(πǫnmHπ
−ǫ
nm)(π
−ǫ
nmHπ
ǫ
nm)
2ǫK
(2)
nm
(17)
To evaluate how the Hamiltonian H behaves between two equal ǫ = ǫ′ or opposite ǫ = −ǫ′ projectors of Eq. 16, it
is useful to decompose H into the four terms
H = H00nm + iγnH
10
nm + iγmH
01
nm + iγnγmH
11
nm (18)
where the Hαnαmnm involve only the other Majorana fermions (γj) with j 6= (n,m). In particular, H
00
nm and H
11
nm
contain an even number of these other Majorana operators, while H10nm and H
01
nm contain an odd number of these
other Majorana operators. As a consequence, the part Hcommnm of H that commutes with the parity P
(2)
nm = iγnγm
reads
Hcommnm = H
00
nm + iγnγmH
11
nm (19)
while the contribution Hantinm of H that anticommutes with the parity P
(2)
nm = iγnγm is
Hantinm = iγnH
10
nm + iγmH
01
nm (20)
Between two identical projectors ǫ = ǫ′, only the commuting part survives and gives the contribution
πǫnmHπ
ǫ
nm = π
ǫ
nmH
commπǫnm = H
00
nm + ǫH
11
nm (21)
Between two orthogonal projectors, only the anticommuting part survives and yields
πǫnmHπ
−ǫ
nm = π
ǫ
nmH
anti
nm π
−ǫ
nm = π
ǫ
nmH
anti
nm = H
anti
nm π
−ǫ
nm (22)
4so that the the numerator of Eq. 17 becomes
(πǫnmHπ
−ǫ
nm)(π
−ǫ
nmHπ
ǫ
nm) = π
ǫ
nm(H
anti
nm )
2πǫnm (23)
Since H01nm and H
10
nm contain an odd number of the other Majorana operators (γj) with j 6= (n,m), one obtains that
the square of Eq. 20 reads
(Hantinm )
2 = −
(
γnH
10
nm + γmH
01
nm
)2
= (H10nm)
2 + (H01nm)
2 − γnγm[H
01
nm, H
10
nm] (24)
so that its projection reads
πǫnm(H
anti
nm )
2πǫnm = (H
10
nm)
2 + (H01nm)
2 + iǫ[H01nm, H
10
nm] (25)
Putting everything together, one obtains that the effective Hamitonian of Eq 17 for the remaining Majorana
operators reads
Hǫnm = H
00
nm + ǫH
11
nm + ǫ
(H10nm)
2 + (H01nm)
2
2K
(2)
nm
+
i[H01nm, H
10
nm]
2K
(2)
nm
(26)
in terms of the decomposition of Eq. 18. To see how this procedure works in practice, let us now describe the simplest
possible case.
C. Simplest application : the random Kitaev chain
As recalled in Appendix A, the Kitaev chain [47] with random nearest-neighbor-two-Majorana couplings K
(2)
j,j+1
HKitaev = i
2N−1∑
j=1
K
(2)
j,j+1γjγj+1 (27)
corresponds to the Random Transverse Field Ising Chain (RTFIC) of Eq. A7. Since the RTFIC is one of the basic
model where the Strong Disorder RG approach has been developed [4], it is useful to mention how the RSRG-X
procedure described above works for the random Kitaev chain of Eq. 27.
One chooses the biggest coupling in absolute value (Eq. 13)
|K
(2)
n,n+1| = max
1≤j≤2N−1
|K
(2)
j,j+1| (28)
and one computes the corresponding decomposition of Eq. 18
H = H00n,n+1 + iγnH
10
n,n+1 + iγn+1H
01
n,n+1 + iγnγn+1H
11
n,n+1
H00n,n+1 = i
n−2∑
j=1
K
(2)
j,j+1γjγj+1 + i
2N−1∑
j=n+2
K
(2)
j,j+1γjγj+1
H10n,n+1 = −K
(2)
n−1,nγn−1
H01n,n+1 = K
(2)
n+1,n+2γn+2
H11n,n+1 = K
(2)
n,n+1 (29)
in order to obtain the effective Hamiltonian via Eq. 26
Hǫn,n+1 = H
00
nm + ǫ
(
K
(2)
n,n+1 +
(K
(2)
n−1,n)
2 + (K
(2)
n+1,n+2)
2
2K
(2)
n,n+1
)
+ i
K
(2)
n−1,nK
(2)
n+1,n+2
K
(2)
n,n+1
γn−1γn+2 (30)
So besides the first term H00nm representing the part of the chain that is left unchanged by the decimation of the pair
(γn, γn+1) and the second term proportional to ǫ representing the direct energy contribution of the decimation, the
5third term means that the Majorana operators γn−1 and γn+2 that become nearest-neighbor after the decimation are
now coupled by the renormalized coupling
K
r(2)
n−1,n+2 =
K
(2)
n−1,nK
(2)
n+1,n+2
K
(2)
n,n+1
(31)
that is independent of the energy branch ǫ = ±1 chosen for the decimation. This independence is of course not
surprising, since it is a direct consequence of the notion of ’free fermions’, but it is nevertheless important to stress
here the difference with the RSRG-X rules formulated in the spin language, where the choice ǫ = ±1 of the energy
branch explicitly appear in the renormalization of the couplings [9].
In the remainder of the paper, we analyze two different generalizations of this random Kitaev chain. We first
describe how the RSRG-X procedure works for arbitrary quadratic Hamiltonians in section IV. We then consider the
random Kitaev chain in the presence of local interactions involving even numbers of consecutive Majorana fermions
in section V.
IV. APPLICATION TO ARBITRARY QUADRATIC HAMILTONIANS
In this section, the RSRG-X procedure described in the previous section is applied to any random quadratic
Hamiltonians (free-fermions).
A. Decomposition of Eq. 18
When the Hamiltonian contains only pair-interaction between Majorana operators (only k = 1 in Eq. 10)
H = H(2) =
∑
1≤j1<j2≤2N
K
(2)
j1,j2
P
(2)
j1,j2
= i
∑
1≤j1<j2≤2N
K
(2)
j1,j2
γj1γj2 (32)
the decomposition of Eq. 18 with respect to the pair (γnγm) reads
H00nm =
∑
1≤j1<j2≤2N,j1 6=(n,m),j2 6=(n,m)
iK
(2)
j1j2
γj1γj2
H10nm =
∑
1≤j≤n−1
(−K
(2)
jn )γj +
∑
n+1≤j≤2N,j 6=m
K
(2)
nj γj =
∑
j 6=(n,m)
K
(2)
nj γj
H01nm =
∑
1≤j≤m−1,j 6=n
(−K
(2)
jm)γj +
∑
m+1≤j≤2N
K
(2)
mjγj =
∑
j 6=(n,m)
K
(2)
mjγj
H11nm = Knm (33)
where we have introduced the notation for j2 > j1
K
(2)
j2,j1
= = −K
(2)
j1,j2
(34)
Since H10nm and H
01
nm are linear in the other Majorana operators, their squares are constants
(H10nm)
2 =
∑
j 6=(n,m)
(K
(2)
nj )
2
(H01nm)
2 =
∑
j 6=(n,m)
(K
(2)
mj)
2 (35)
while their commutator is quadratic
[H01nm, H
10
nm] =
∑
j1 6=(n,m)
K
(2)
nj1
∑
j2 6=(n,m)
K
(2)
mj2
[γj1 , γj2 ]
=
∑
j1<j2,j1 6=(n,m),j2 6=(n,m)
(
K
(2)
nj1
K
(2)
mj2
−K
(2)
nj2
K
(2)
mj1
)
2γj1γj2 (36)
6B. RSRG-X rules
Putting everything together, Eq 26 becomes
Hǫnm = H
00
nm + ǫ

K(2)nm + ∑
j 6=(n,m)
(K
(2)
nj )
2 + (K
(2)
mj)
2
2K
(2)
nm

+ i ∑
j1<j2,j1 6=(n,m),j2 6=(n,m)
K
R(2)
j1j2
γj1γj2 (37)
with the renormalized couplings between the remaining Majorana operators
K
R(2)
j1j2
= K
(2)
j1j2
+
(
K
(2)
nj1
K
(2)
mj2
−K
(2)
nj2
K
(2)
mj1
)
K
(2)
nm
(38)
These RSRG-X rules are thus closed for any quadratic Hamiltonian, and represent a direct generalization of the rule
discussed above for the Kitaev chain in Eq. 31. Again, the choice of the energy branch ǫ = ±1 appears only in the
constant energy contribution of the decimation (second term of Eq. 37) but not in the renormalized couplings of Eq.
38 as a consequence of the notion of ’free-fermions’.
V. APPLICATION TO THE MAJORANA CHAIN WITH CONSECUTIVE-PARITY-INTERACTIONS
After the free-fermion models considered in the previous section, let us now focus on the random Majorana chain
with local interactions.
A. Majorana chain with consecutive-parity-interactions
In this section, we focus on the case where the parity operators appearing in the Hamiltonian (Eq. 10) are only
those involving strings of (2k) consecutive operators (instead of the general case of Eq. 4), so that it is convenient to
introduce the simplified notation
P
(2k)
[j,j+2k−1] ≡ P
(2k)
j,j+1,j+2,,..,j+2k−1 = i
kγjγj+1...γj+2k−2γj+2k−1 (39)
The Hamiltonian of Eq. 10 is thus replaced by
H =
N∑
k=1
H(2k)
H(2k) =
2N−2k+1∑
j=1
K
(2k)
[j,j+2k−1]P
(2k)
[j,j+2k−1] (40)
In particular, H(2) corresponds to the random Kitaev chain of Eq. 27
H(2) =
2N−1∑
j=1
K
(2)
[j,j+1]P
(2)
[j,j+1] = i
2N−1∑
j=1
K
(2)
[j,j+1]γjγj+1 (41)
while H(4) contains only four-Majorana-interactions between four consecutive operators
H(4) =
2N−3∑
j=1
K
(4)
[j,j+3]P
(2k)
[j,j+3] = −
2N−3∑
j=1
K
(4)
[j,j+3]γjγj+1γj+2γj+3 (42)
The translation of this model in the quantum spin language is given in Eqs A7 A9 A10 of Appendix A.
7B. Renormalized consecutive parities
After the elimination of the two Majorana operators (γn, γn+1) corresponding to the biggest coupling in absolute
value (Eq. 13)
|K
(2)
n,n+1| = max
1≤j≤2N−1
|K
(2)
j,j+1| (43)
the operators γn−1 and γn+2 have become neighbors. One then needs to introduce the renormalized consecutive-
parity-operators across the decimated pair like the one already encountered in Eq. 30 for the Kitaev chain
P
R(2)
[n−1,n+2] ≡ iγn−1γn+2 (44)
Here we will need more generally the other renormalized consecutive parities
P
R(2k−2)
[j,j+2k−1] = i
k−1 (γj ...γn−1) (γn+2...γn+2k−1) (45)
for j ≤ n− 1 and j + 2k − 1 ≥ n+ 2
C. Decomposition of Eq. 18
In the decomposition of Eq. 18
H = H00n,n+1 + iγnH
10
n,n+1 + iγn+1H
01
n,n+1 + iγnγn+1H
11
n,n+1 (46)
H00n,n+1 contains all the terms of the Hamiltonian included in [1, .., n− 1] or included in [n+ 2, .., 2N ]
H00n,n+1 =
N∑
k=1

n−2k∑
j=1
K
(2k)
[j,j+2k−1]P
(2k)
[j,j+2k−1] +
2N−2k+1∑
j=n+2
K
(2k)
[j,j+2k−1]P
(2k)
[j,j+2k−1]

 (47)
while H11n,n+1 reads in terms of the renormalized consecutive-parity-operators of Eq. 45
H11n,n+1 = K
(2)
[n,n+1] +
∑
k≥2
(
K
(2k)
[n+2−2k,n+1]P
(2k−2)
[n+2−2k,n−1] +K
(2k)
[n,n+2k−1]P
(2k−2)
[n+2,n+2k−1]
)
+
∑
k≥2
n−1∑
j=n+1−2k
K
(2k)
[j,j+2k−1]P
R(2k−2)
[j,j+2k−1] (48)
H01n,n+1 can be obtained from all the parity operators beginning exactly at j = n + 1, and it is thus convenient to
factor out the common operator γn+2 to rewrite
H01n,n+1 = γn+2

K(2)[n+1,n+2] +∑
k≥2
K
(2k)
[n+1,n+2k]P
(2k−2)
[n+3,n+2k]

 (49)
Similarly, H10n,n+1 can be obtained from all the parity operators ending exactly at j + 2k − 1 = n, and one can factor
out the common operator γn−1 to rewrite
H10n,n+1 = −

K(2)[n−1,n] +∑
k≥2
K
(2k)
[n+1−2k,n]P
(2k−2)
[n+1−2k,n−2]

 γn−1 (50)
Then their squares simplify into
(H01n,n+1)
2 =

K(2)[n+1,n+2] +∑
k≥2
K
(2k)
[n+1,n+2k]P
(2k−2)
[n+3,n+2k]


2
=
∑
k≥1
(K
(2k)
[n+1,n+2k])
2 + 2
∑
1≤k1<k2
K
(2k1)
[n+1,n+2k1]
K
(2k2)
[n+1,n+2k2]
P
(2k2−2k1)
[n+2k1+1,n+2k2]
(51)
8and
(H10n,n+1)
2 =

K(2)[n−1,n] +∑
k≥2
K
(2k)
[n+1−2k,n]P
(2k−2)
[n+1−2k,n−2]


2
=
∑
k≥1
(K
(2k)
[n+1−2k,n])
2 + 2
∑
1≤k1<k2
K
(2k1)
[n+1−2k1,n]
K
(2k2)
[n+1−2k2,n]
P
(2k2−2k1)
[n+1−2k2,n−2k1]
(52)
while their commutator reads in terms of the renormalized consecutive-parity-operators of Eq. 45
i
2
[H01n,n+1, H
10
n,n+1]
=

K(2)[n−1,n] + ∑
k1≥2
K
(2k1)
[n+1−2k1,n]
P
(2k1−2)
[n+1−2k1,n−2]

 (iγn−1γn+2)

K(2)[n+1,n+2] + ∑
k2≥2
K
(2k2)
[n+1,n+2k2]
P
(2k2−2)
[n+3,n+2k2]


= K
(2)
[n−1,n]K
(2)
[n+1,n+2]P
R(2)
[n−1,n+2] +
∑
k1≥2
K
(2k1)
[n+1−2k1,n]
∑
k2≥2
K
(2k2)
[n+1,n+2k2]
P
R(2k1+2k2−2)
[n+1−2k1,n+2k2]
+
∑
k1≥2
K
(2k)
[n+1−2k1,n]
K
(2)
[n+1,n+2]P
R(2k1)
[n+1−2k,n+2] +K
(2)
[n−1,n]
∑
k2≥2
K
(2k2)
[n+1,n+2k2]
P
R(2k2)
[n−1,n+2k2]
=
∑
k1≥1
∑
k2≥1
K
(2k1)
[n+1−2k1,n]
K
(2k2)
[n+1,n+2k2]
P
R(2k1+2k2−2)
[n+1−2k1,n+2k2]
(53)
D. Renormalized Hamiltonian
Putting everything together, Eq 26 yields
Hǫn,n+1 = H
00
n,n+1 + ǫH
11
n,n+1 + ǫ
(H10n,n+1)
2 + (H01n,n+1)
2
2K
(2)
n,n+1
+
i[H01n,n+1, H
10
n,n+1]
2K
(2)
n,n+1
=
N∑
k=1

n−2k∑
j=1
K
(2k)
[j,j+2k−1]P
(2k)
[j,j+2k−1] +
2N−2k+1∑
j=n+2
K
(2k)
[j,j+2k−1]P
(2k)
[j,j+2k−1]


+ǫK
(2)
[n,n+1] + ǫ
∑
k≥1
(K
(2k)
[n+1−2k,n])
2 + (K
(2k)
[n+1,n+2k])
2
2K
(2)
n,n+1
+ǫ
∑
k≥1

K(2k+2)[n−2k,n+1]P (2k)[n−2k,n−1] +
n−1∑
j=n+1−2k
K
(2k+2)
[j,j+2k+1]P
R(2k)
[j,j+2k+1] +K
(2k+2)
[n,n+2k+1]P
(2k)
[n+2,n+2k+1]


+ǫ
∑
k≥1
∑
k1≥1
K
(2k1)
[n+1−2k1,n]
K
(2k+2k1)
[n+1−2k1−2k,n]
K
(2)
n,n+1
P
(2k)
[n+1−2k1−2k,n−2k1]
+ǫ
∑
k≥1
∑
k1≥1
K
(2k1)
[n+1,n+2k1]
K
(2k1+2k)
[n+1,n+2k1+2k]
K
(2)
n,n+1
P
(2k)
[n+2k1+1,n+2k1+2k]
+
∑
k1≥1
∑
k2≥1
K
(2k1)
[n+1−2k1,n]
K
(2k2)
[n+1,n+2k2]
K
(2)
n,n+1
P
R(2k1+2k2−2)
[n+1−2k1,n+2k2]
(54)
To clarify the meaning of the various terms, it is useful to distinguish four types of contributions
Hǫn,n+1 = E
ǫ
n,n+1 +H
ǫLeft
n,n+1 +H
ǫRight
n,n+1 +H
ǫMiddle
n,n+1 (55)
The first term is simply the constant contribution produced directly by the decimation that depends on the energy
9branch ǫ = ±1
Eǫn,n+1 = ǫ

K(2)[n,n+1] +∑
k≥1
(K
(2k)
[n+1−2k,n])
2 + (K
(2k)
[n+1,n+2k])
2
2K
(2)
n,n+1

 (56)
The second term contains the parity-operators localized on the left [1, ..., n− 1] of the decimated pair
HǫLeftn,n+1 =
∑
k≥1
∑
l≤n−1

K(2k)[l+1−2k,l] + ǫK(2k+2)[n−2k,n+1]δl,n−1 + ǫK
(n−l+2k)
[l+1−2k,n]K
(n−l)
[l+1,n]
K
(2)
n,n+1

P (2k)[l+1−2k,l] (57)
The third term contains the parity-operators localized on the right [n+ 2, ..., 2N ] of the decimated pair
HǫRightn,n+1 =
∑
k≥1
∑
j≥n+2

K(2k)[j,j+2k−1] + ǫK(2k+2)[n,n+2k+1]δj,n+2 + ǫK
(j−n−1)
[n+1,j−1]K
(j−n−1+2k)
[n+1,j+2k−1]
K
(2)
n,n+1

P (2k)[j,j+2k−1] (58)
Finally the fourth term contains the renormalized parity-operators of Eq. 45 that begin before the decimated pair
and that end after the decimated pair
HǫMiddlen,n+1 =
∑
k≥1
n−1∑
j=n+1−2k

ǫK(2k+2)[j,j+2k+1] + K
(n+1−j)
[j,n] K
(2k+j+1−n)
[n+1,j+2k+1]
K
(2)
n,n+1

PR(2k)[j,j+2k+1] (59)
E. RSRG-X rules
The RSRG-X rules for the couplings between the surviving Majorana operators can be thus summarized as follows.
(i) The coupling associated to the parity operator P
(2k)
[l+1−2k,l] living on the left of the decimated pair l ≤ n− 1 (Eq.
57) follows the RG rule
K
R(2k)
[l+1−2k,l] = K
(2k)
[l+1−2k,l] + ǫ

K(2k+2)[n−2k,n+1]δl,n−1 + K
(2k+n−l)
[l+1−2k,n]K
(n−l)
[l+1,n]
K
(2)
n,n+1

 (60)
Besides its initial value K
(2k)
[l+1−2k,l], the new contributions comes from the ’degradation’ of the higher-order couplings
K
(2k+2)
[n−2k,n+1] and K
(2k+n−l)
[l+1−2k,n] of order 2k + n− l ≥ 2k + 2 and depend on the choice ǫ = ± of the energy branch.
(ii) The coupling associated to the parity operator P
(2k)
[j,j+2k−1] living on the right of the decimated pair j ≥ n + 2
(Eq. 58) follows the RG rule
K
R(2k)
[j,j+2k−1] = K
(2k)
[j,j+2k−1] + ǫ

K(2k+2)[n,n+2k+1]δj,n+2 + K
(j−n−1)
[n+1,j−1]K
(2k+j−n−1)
[n+1,j+2k−1]
K
(2)
n,n+1

 (61)
Here again, besides its initial value K
(2k)
[j,j+2k−1], the new contributions comes from the ’degradation’ of the higher-order
couplings K
(2k+2)
[n,n+2k+1] and K
(2k+j−n−1)
[n+1,j+2k−1] of order 2k + j − n − 1 ≥ 2k + 2 and depend on the choice ǫ = ± of the
energy branch.
(iii) The renormalized parity operator P
R(2k)
[j,j+2k+1] that begins before the decimated pair j ≤ n − 1 and that ends
after the decimated pair n+ 2 ≤ j + 1 + 2k (Eq 59) is associated to the new renormalized couplings
K
R(2k)
[j,j+2k+1] = ǫK
(2k+2)
[j,j+2k+1] +
K
(n+1−j)
[j,n] K
(2k+j+1−n)
[n+1,j+2k+1]
K
(2)
n,n+1
(62)
The first terms corresponds again to the ’degradation’ of the higher-order coupling K
(2k+2)
[j,j+2k+1] and depends on the
choice ǫ = ± of the energy branch. The second term is the generalization of the basic rule of Eq. 31 concerning the
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Kitaev chain and does not depend on the choice ǫ = ± of the energy branch. In the present procedure, this second
term is the only mechanism where new higher order couplings can be generated from two couplings of smaller orders
2k1 = n+ 1− j and 2k2 = 2k + j + 1− n = 2k + 2− 2k1.
In conclusion, the Majorana chain with consecutive parity-interactions of Eq. 40 remains closed for the RSRG-X
procedure with the renormalized rules described above. To see more clearly how it works in practice, it is now useful
to consider the following simplest example.
F. First RG step for the initial chain involving only two and four Majorana interactions
Let us consider the case where the initial Hamiltonian of Eq. 40 contains only interactions between two and four
consecutive Majorana operators (Eqs 41 and 42)
Hini = i
2N−1∑
j=1
K
(2)
[j,j+1]γjγj+1 −
2N−3∑
j=1
K
(4)
[j,j+3]γjγj+1γj+2γj+3 (63)
The RSRG-X rules for the first decimation of the biggest coupling K
(2)
n,n+1 in absolute value are the following.
(i) The RG rule of Eq. 60 for the left of the decimated pair gives new contributions only for
K
R(2)
[n−2,n−1] = K
(2)
[n−2,n−1] + ǫK
(4)
[n−2,n+1] (64)
and
K
R(2)
[n−3,n−2] = K
(2)
[n−3,n−2] + ǫ
K
(4)
[n−3,n]K
(2)
[n−1,n]
K
(2)
n,n+1
(65)
representing the ’degradation’ of the four-Majorana-couplingsK
(4)
[n−2,n+1] and K
(4)
[n−3,n] into contributions of couplings
of order 2k = 2 that were already existing.
(ii) The RG rule of Eq. 61 for the right of the decimated pair gives new contributions only for
K
R(2)
[n+2,n+3] = K
(2)
[n+2,n+3] + ǫK
(4)
[n,n+3] (66)
and
K
R(2)
[n+3,n+4] = K
(2)
[n+3,n+4] + ǫ
K
(2)
[n+1,n+2]K
(4)
[n+1,n+4]
K
(2)
n,n+1
(67)
representing also the ’degradation’ of the four-Majorana-couplings K
(4)
[n,n+3] and K
(4)
[n+1,n+4] into contributions of
couplings of order 2k = 2 that were already existing.
(iii) The RG rule of Eq. 62 for the renormalized parities across the decimated pair gives new couplings of various
orders. The only renormalized coupling of order 2k = 2 is
K
R(2)
[n−1,n+2] = ǫK
(4)
[n−1,n+2] +
K
(2)
[n−1,n]K
(2)
[n+1,n+2]
K
(2)
n,n+1
(68)
containing the ’degradation’ of the four-Majorana coupling K
(4)
[n−1,n+2] and the renormalized contribution already seen
for the Kitaev chain (Eq. 31). The only renormalized couplings of order 2k = 4 are
K
R(4)
[n−3,n+2] =
K
(4)
[n−3,n]K
(2)
[n+1,n+2]
K
(2)
n,n+1
(69)
and
K
R(4)
[n−1,n+4] =
K
(2)
[n−1,n]K
(4)
[n+1,n+4]
K
(2)
n,n+1
(70)
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Finally, there is one new renormalized coupling of order 2k = 6
K
R(6)
[n−3,n+4] =
K
(4)
[n−3,n]K
(4)
[n+1,n+4]
K
(2)
n,n+1
(71)
This example shows that the generation of higher-order couplings remains rather limited, while there are many
mechanisms of ’degradation’ into smaller-order couplings. So we hope that these Majorana RSRG-X procedure can
be applied numerically on large sizes without the proliferation of too many new renormalized couplings. This numerical
implementation clearly goes beyond the scope of the present work and is left for other authors with more numerical
possibilities (see [9] for the specific numerical problems related to the choice of different energy branches at each step
of the RSRG-X).
VI. CONCLUSION
In this work, we have formulated a general RSRG-X procedure for random Majorana models in their Many-Body-
Localized phase. We have then derived the explicit RG rules for arbitrary quadratic Hamiltonians (free-fermions
models) and for the random Kitaev chain with local interactions involving even numbers of consecutive Majorana
fermions. However, these two examples of application are not restrictive, and one can apply the general rule of Eq.
26 to any other Majorana model of interest.
Along the paper, we have stressed the advantages of the Majorana language over the usual quantum spin language
to formulate unified RG rules :
(a) the symmetric role played by the 2N majorana operators allows to classify the various terms of the Hamiltonian
by the even number (2k) and the locations 1 ≤ j1 < .. < j2k ≤ 2N of the Majorana operators (while the spin language
requires the distinction between different types of couplings in terms of Pauli matrices as recalled in Appendix A).
(b) in the Strong Disorder Renormalization perspective, the unique elementary decimation then corresponds to the
pairing between the two Majorana operators that are the most strongly coupled in absolute value and thus leads to
unified RSRG-X rules (while the spin language requires the distinction between the decimations of different types of
couplings in terms of Pauli matrices). In addition in free fermions models, the renormalized rule for the renormalized
couplings is independent of the energy branch (Eqs 31 and Eq. 38).
(c) this ’deconstruction’ into Majorana fermions suggests that the simplest Many-Body-Localized model is actually
the random Kitaev chain with interactions involving four consecutive Majorana fermions (Eq. 63), while the standard
model of MBL, namely the random-field XXZ chain actually corresponds to a Majorana ladder with some degeneracy
in the couplings Jx = Jy = Jz (see Appendix A) so that the RSRG-X rules are more complicated as described in Ref
[17]. It would be thus interesting in the future to apply numerically the RSRG-X rules to the Simplest MBL model
of Eq. 63 as discussed after Eq. 71.
Appendix A: Dictionary between Majorana fermions, Dirac fermions and quantum spin chains
1. Majorana formulation of Dirac Fermions models
In any dimension, a model involving N Dirac Fermions described by annihilation and creation operators (cj , c
†
j) for
j = 1, .., N satisfying the canonical anti-commutation relations
{cj, ck} = 0 = {c
†
j, c
†
k}
{cj, c
†
k} = δjk (A1)
can be rewritten in terms of the real and imaginary parts
γ2j−1 ≡ c
†
j + cj
γ2j ≡ i(c
†
j − cj) (A2)
that correspond to the (2N) Majorana operators of Eqs 1 , 2 , 3 by the simple substitution
cj =
γ2j−1 + iγ2j
2
c†j =
γ2j−1 − iγ2j
2
(A3)
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2. Majorana formulation of quantum spin chains
For a chain of N quantum spins described by Pauli matrices, if the Hamiltonian commutes with the total parity
P tot =
N∏
k=1
(−σzj ) (A4)
it can be rewritten via the standard Jordan-Wigner transformation in terms of the (2N) string operators
γ2j−1 ≡
(
j−1∏
k=1
σzk
)
σxj
γ2j ≡
(
j−1∏
k=1
σzk
)
σyj (A5)
that correspond to the (2N) Majorana operators of Eqs 1 , 2 , 3.
For instance, the simplest local terms commuting with the total parity have for translation
σzj = −iγ2j−1γ2j
σxj σ
x
j+1 = −iγ2jγ2j+1
σyj σ
y
j+1 = iγ2j−1γ2j+2
σzjσ
z
j+1 = −γ2j−1γ2jγ2j+1γ2j+2
σxj σ
x
j+2 = −γ2jγ2j+1γ2j+2γ2j+3 (A6)
In particular, the random transverse field Ising chain (RTFIC) translates into the random Kitaev chain of Eq. 27
HRTFIC = −
N∑
j=1
hjσ
z
j −
N−1∑
j=1
Jxj σ
x
j σ
x
j+1
= i
2N−1∑
j=1
K
(2)
j,j+1γjγj+1 = H
Kitaev (A7)
with the correspondence
hj = K
(2)
2j−1,2j
Jxj = K
(2)
2j,2j+1 (A8)
The well-known duality between fields hj and couplings J
x
j thus becomes obvious in the Majorana language where
they correspond to odd and even two-Majorana-couplings respectively.
The additional interactions between four consecutive Majorana operators of the Hamiltonian H(4) of Eq. 42
translates into
H(4) = −
2N−3∑
j=1
K
(4)
[j,j+3]γjγj+1γj+2γj+3
=
N−1∑
j=1
K
(4)
[2j−1,2j+2]σ
z
j σ
z
j+1 +
N−2∑
j=1
K
(4)
[2j,2j+3]σ
x
j σ
x
j+2 (A9)
The first term in σzj σ
z
j+1 is the standard nearest-neighbor interaction term in the field of quantum spin chains, while the
second term σxj σ
x
j+2 between next-nearest-neighbor is less usual but nevertheless interesting to consider, as discussed
in [48, 49] for the case of pure Majorana models.
More generally, the Hamiltonian H(2k) of Eq. 40 involving the consecutive parity operators of Eq. 39 reads in the
spin language
H(2k) =
2N−2k+1∑
j=1
K
(2k)
[j,j+2k−1]i
kγjγj+1...γj+2k−2γj+2k−1
= (−1)k
N+1−k∑
j=1
K
(2k)
[2j−1,2j+2k−2]σ
z
jσ
z
j+1σ
z
j+2...σ
z
j+k−1 + (−1)
k
N−k∑
j=1
K
(2k)
[2j,2j+2k−1]σ
x
j σ
x
j+k (A10)
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where the first term involves k consecutive Pauli matrices σz , while the second term involves only two Pauli matrices
σx separated by the distance k.
As a final remark, let us mention that the Jordan Wigner transformation of Eq. A5 is of course specific to one
dimension, but for certain bidimensional quantum spin models, other relations have been introduced between quantum
spins and Majorana fermions [50–52].
[1] S. K. Ma, C. Dasgupta and C.K. Hu, Phys. Rev. Lett. 43, 1434 (1979).
[2] C. Dasgupta and S. K. Ma, Phys. Rev. B 22, 1305 (1980).
[3] D. S. Fisher, Phys. Rev. B 50, 3799 (1994).
[4] D. S. Fisher, Phys. Rev. Lett. 69, 534 (1992);
D. S. Fisher, Phys. Rev. B 51, 6411 (1995).
[5] D. S. Fisher, Physica A 263, 222 (1999).
[6] F. Igloi and C. Monthus, Phys. Rep. 412, 277 (2005).
[7] R. Verresen, R. Moessner and F. Pollmann, Phys. Rev. B 96, 165124 (2017).
[8] B. Friedman, A. Rajak, A. Russomanno and E.G. Dalla Torre, arXiv:1708.03400.
[9] D. Pekker, G. Refael, E. Altman, E. Demler and V. Oganesyan, Phys. Rev. X 4, 011052 (2014).
[10] Y. Huang and J.E. Moore, Phys. Rev. B 90, 220202(R) (2014).
[11] R. Vasseur, A. C. Potter and S.A. Parameswaran, Phys. Rev. Lett. 114, 217201 (2015).
[12] M. Pouranvari and K. Yang, Phys. Rev. B 92, 245134 (2015).
[13] Y.Z. You, X.L. Qi and C. Xu, Phys. Rev. B 93, 104205 (2016).
[14] K. Slagle, Y. Z. You and C. Xu, Phys. Rev. B 94, 014205 (2016).
[15] R. Vosk and E. Altman, Phys. Rev. Lett. 110, 067204 (2013).
[16] R. Vosk and E. Altman, Phys. Rev. Lett. 112, 217204 (2014).
[17] C. Monthus, arXiv:1706.07352.
[18] B. Swingle, arXiv:1307.0507.
[19] M. Serbyn, Z. Papic and D.A. Abanin, Phys. Rev. Lett. 111, 127201 (2013).
[20] D.A. Huse, R. Nandkishore and V. Oganesyan, Phys. Rev. B 90, 174202 (2014).
[21] A. Nanduri, H. Kim and D.A. Huse, Phys. Rev. B 90, 064201 (2014).
[22] J. Z. Imbrie, J. Stat. Phys. 163, 998 (2016).
[23] M. Serbyn, Z. Papic and D.A. Abanin, Phys. Rev. B 90, 174302 (2014).
[24] I. H. Kim, A. Chandran, D. A. Abanin, arXiv:1412.3073.
[25] A. Chandran, I.H. Kim, G. Vidal and D.A. Abanin, Phys. Rev. B 91, 085425 (2015).
[26] V. Ros, M. Mu¨ller and A. Scardicchio, Nucl. Phys. B 891, 420 (2015).
[27] L. Rademaker and M. Ortuno, Phys. Rev. Lett. 116, 010404 (2016).
[28] M. Serbyn, A. A. Michailidis, D. A. Abanin, Z. Papic, Phys. Rev. Lett. 117, 160601 (2016).
[29] T. E. O’Brien, D. A. Abanin, G. Vidal, Z. Papic, Phys. Rev. B 94, 144208 (2016).
[30] C. Monthus, J. Stat. Mech. 033101 (2016).
[31] S. D. Geraedts, R.N. Bhatt, R. Nandkishore, Phys. Rev. B 95, 064204 (2017)
[32] V. Ros and M. Mueller, Phys. Rev. Lett. 118, 237202 (2017).
[33] R Wortis and M. P. Kennett, J. Phys.: Condens. Matter 29, 405602 (2017).
[34] C. Monthus, arXiv:1705.07570.
[35] S.J. Thomson and M. Siro, arXiv:1707.06981.
[36] A. Wieckowski, M. M. Maska, M. Mierzejewski, arxix:1707.08125.
[37] M. Mierzejewski, M. Kozarzewski, P. Prelovsek, arXiv:1708.08931.
[38] R. Nandkishore and D. A. Huse, Ann. Review of Cond. Mat. Phys. 6, 15 (2015).
[39] E. Altman and R. Vosk, Ann. Review of Cond. Mat. Phys. 6, 383 (2015).
[40] S. A. Parameswaran, A. C. Potter and R. Vasseur, Annalen der Physik , 1600302 (2017).
[41] J. Z. Imbrie, V. Ros and A. Scardicchio, Annalen der Physik, 1600278 (2017).
[42] L. Rademaker, M. Ortuno and A.M. Somoza, Annalen der Physik 1600322 (2017).
[43] D. J. Luitz, Y. Bar Lev, Annalen der Physik 1600350 (2017).
[44] P. Prelovsek, M. Mierzejewski, O. Barisic, J. Herbrych, Annalen der Physik 1600362 (2017).
[45] K. Agarwal et al, Annalen der Physik 1600326 (2017).
[46] F. Alet and N. Laflorencie, arXiv:1711.03145.
[47] A.Y. Kitaev, Phys. Usp. 44, 131 (2011).
[48] A. Rahmani, X. Zhu, M. Franz and I. Affleck, Phys. Rev. Lett. 115, 166401 (2015).
[49] T. H. Hsieh, G. B. Halasz and T. Grover, Phys. Rev. Lett. 117, 166802 (2016).
[50] A.Y. Kitaev, Annals of Physics 321 (2006).
[51] X.Y. Feng, G.M. Zhang, T. Xiang, Phys. Rev. Lett. 98, 087204 (2007).
[52] H.D. Chen and Z. Nussinov, J. Phys. A: Math. Theor. 41 075001 (2008).
